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1. INTRODUCTION 



q 

4^ [ We first review the situation in the smooth context. Let ir : Z — > Y be a 

Riemannian submersion where Y and Z are compact smooth manifolds without 
boundary. Let $ p be an eigen p-form of the Laplacian on Y with eigenvalue A. 
Suppose that 7r*$ p is an eigen p-form of the Laplacian on Z with corresponding 
eigenvalue fi. This is, of course, a rather rare phenomena that greatly restricts the 
£>. ■ admissible geometry. We showed [HI E] that X < fx. If p = 0, then in fact the 

, eigenvalue does not change, i.e. A = ji. For p > 2, we constructed examples in 

which the eigenvalue actually changes, i.e. where A < fi. The case p = 1 is still 
open. 

In the present paper, we shall generalize these results to the case where Y and Z 
, are Riemannian Y-manifolds; we must deal with the complications introduced by 

the singular sets to extend the results known in the smooth setting to the situation 
at hand. Throughout the paper, we shall only deal with compact Y-manifolds 
without boundary. We use the Friedrichs extension to define the p-form valued 

S Laplacian on a Y-manifold M; let E^(M) be the associated eigenspaces. We 
shall always suppose that the singular set has codimension at least 2; this has some 
| important analytic consequences as we shall see in Section 

There is a rather elegant geometric characterization of the situation when the 
r> | pull back of every eigen p-form on Y is an eigen p-form on Z; necessarily the 

■ eigenvalues do not change in this setting: 

Theorem 1.1. Let tt : Z — * Y be a Riemannian V- submersion of closed V- 
manifolds where the singular sets of Z and Y are of codimension at least 2. 

(1) Let p = 0. The following conditions are equivalent: 

(a) A° z ir* =tt*A y . 

(b) VA > 0, tt*£°(Y) c E\{Z). 

(c) VA > 0, 3/i(A) > such that n*E° x (Y) C E° {X) {Z). 
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(d) The fibers of tt are minimal. 
(2) Let p > 0. The following conditions are equivalent: 

(a) A p z tt* =n*A p Y . 

(b) VA>0 ; tt*EI(Y) c E P (Z). 

(c) VA > 0, 3fi(X) > such that n*E p (Y) C E P , X) (Z). 

(d) The fibers of -k are minimal and the horizontal distribution is inte- 
grable. 

Theorem ll . ll shows that if all the cigcnspaccs arc preserved, then all the eigenval- 
ues are preserved as well. We now focus on what happens if just a single eigenform 
is preserved. The eigenvalue can not change if p = 0; more generally, the eigenvalue 
can not decrease if p > 0. We remark that this fails in the context of manifolds 
with boundary; Neumann eigenvalues can decrease [Tl] . 

Theorem 1.2. Let tt : Z — > Y be a Riemannian V-submersion of closed V- 
manifolds where the singular sets of Z and Y are of codimension at least 2. 

(1) IfO ^ $ € E° X (Y) and i/vr*$ G E°(Z), then A = fj,. 

(2) Letp>0. IfO^<Pe E P (Y) and i/tt*$ S EP(Z), then A < fi. 

Theorem 11.21 is sharp if p > 2. We refer to |SJ [7] for the proof of the follow- 
ing result in the smooth setting; the result in the more general context is then 
immediate. 

Theorem 1.3. Let p > 2 and let < A < /i < oo be given. There exists a 
Riemannian V-submersion 7r : Z — > Y and there exists 7^ $ € i?P(y) so </ia< 
7r*$e£^(^). 

Here is a brief outline of the paper. In Section[21 we review the definition of a V- 
manifold, the Friedrichs extension of the Laplacian, and a basic regularity result. In 
Section |21 we recall some useful formulae intertwining the coderivative on the base 
and on the total space of a Riemannian submersion. We also discuss submersions 
in the context of F-manifolds. In Section 0] we introduce the Hopf fibration. We 
then take the quotient of the Hopf fibration by suitably chosen cyclic group actions 
to construct a useful family of ^-submersions. We conclude the paper in Sectional 
by completing the proof of Theorems 11.11 and 11.21 

It is a pleasant task to acknowledge useful conversations with Prof. Yorozu 
concerning this paper. 

2. F-MANIFOLDS AND F-SUBMERSIONS 

The notion of a F-manifold was introduced by Satake he used the symbol 
'V to indicate that one was dealing with a cone-like singularity. Such manifolds 
are also called orbifolds, see, for example, ^1^]. Their spectral geometry has 
been studied by many authors; for example, see [H]- They also appear in the study 
of foliations [101 EI3 • 

In this paper, we follow the notational conventions of [1211161 IT7] . Let 0(m) be 
the orthogonal group. Let Bg be the ball of radius 5 in lR m centered at the origin. 
If G is a finite subgroup of O(m), then G acts by isometries on Bg; let Bs/G be 
the associated quotient space. 

It is worth noting for further use the following fact. Let G be a finite group acting 
on an open neighborhood O of the origin in M m . If G preserves some Riemannian 
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metric on O and if G fixes the origin, then in geodesic coordinates, the action of G 
is linerizable in the sense given above. 

Let M be a compact metric space. We say that M is a V -manifold if every point 
P G M has an open neighborhood Up which is homeomorphic to Bg^/Gp for 
some 5(P) > and some finite subgroup Gp C 0(m). Let Up = B$r P -j and let 

p P : Up -> ?7p/Gp = Up 
be the natural projection. Let 

S P := {Q e Up : 3 7 G G P : 7 ^ Id and 7 Q = Q} . 
be the /ixed point set oi Gp. We then have that 

p P : Up - S P —> Up - pp(Sp) 
is a covering projection. The singular set of M is defined to be 

Sm := Up e Af {pp5p j • 

Note that Sp is the union of a finite number of linear subspaces of Up. We suppose 
that these subspaces all have codimension at least 2. We shall suppose that M—Sm 
has the structure of a smooth manifold and that the maps pp from Up — Sp to 
Up — pp(Sp) are local diffeomorphisms. The ^-manifold is a smooth manifold if 
Sm is empty or, equivalently, if Gp = {1} for every P G M. 

We assume that the metric on M is induced from a Riemannian metric on 
M — Sm ■ We also assume that there is a Riemannian metric gp on each Up which 
is invariant under the action of the group Gp such that pp is a local isometry from 
Up — Sp to Up — Sp. 

Let M be a Riemannian V-manifold. Let dx be the associated Riemannian 
measure on M — Sm ■ We shall take the Friedrichs extension of the Laplacian from 
M - S M to define the Laplacian on L 2 (A* (M ) ) . Let qf (A* [M - S M ) ) be the 
space of smooth p- forms which are compactly supported in M — Sm ■ Then the L 2 
space L 2 (A P (M)) and the Sobolev space Hi(K p (M)) are defined as the completion 
of C^°(A P (M — 5a/)) with respect to the inner products 

(0,V)o := L/-s P (A/)(^^) dx and 
0,V)i : = Ja/-Sp(m){(^'^) + (<*0,<fr/O + {(/),ip)}dx, 
respectively. Introduce the quadratic form 

P{4>,^) := J M {(#,#) + (Sct>,5i>)}dx. 
The Friedrichs extension is then defined |15| by the identity: 
(A^,V)l2 for all <t>,ip & Hi(A p (M)) . 

We remark that if we removed a set 5 of codimension at least 2 from a smooth 
manifold M, then this definition of the spaces Hi(A p (M)) and A^ would agree 
with the usual definition. 

We can construct the associated spectral resolution as follows. Let 

. P>(<t>,<l>) 
Ai := mi . 

0^€Hi(AO(M)) ((j>,4>)o 
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The infimum is attained by a function <f>\ G Domain(A^ f ) so that A^-^i = Ai^i. 
The second eigenvalue A2 is then defined by setting: 

. J*(0,0) 
A2 := mf ; 

0^effi(AP(M)), (<^,<?>)o 

here '_L' is with respect to the L 2 inner product. Again, the infimum is attained by a 
function <f>2 G Domain(A^). One proceeds in this fashion to construct a complete 
orthonormal basis {4>i}°° =1 for L 2 (A P (M)) so that £± p M 4>i — \i4>i- The collection 
{Aj, </>i} is called a discrete spectral resolution of A^ and we set 

^(M)=span {A=Ai} {0i}. 

Again, this definition coincides with the usual definition in the smooth setting. We 
summarize the discussion given above in the following Lemma and refer to pi llllHH) 
for additional related materials. 

Lemma 2.1. Let M be a closed Riemannian V -manifold where the singular set 
has codimension at least 2. Then: 

(1) A P A1 is self-adjoint and non-negative. 

(2) There exists a discrete spectral resolution { A, , 0i } for A*L where A; — > 00. 

(3) We have a complete orthogonal direct sum decomposition 

L 2 (AP(M)) = (SxEl(M). 

The following regularity result is a central one in the subject - we shall derive 
it from results of Harvey and Polking [5] but there are many other proofs see, for 
example, the discussion in [5] for p = 0. It identifies the eigenforms on M with 
the smooth equivariant eigenforms on the desingularization. 

Theorem 2.2. Let M be a closed Riemannian V -manifold where the singular set 
has codimension at least 2. Let <j> G L 2 (A P (M)). Then the following conditions are 
equivalent: 

(1) <f> g E^(M). 

(2) For any P G M, there exists <j> P := C ,00 (A p ([7p)) so that 

(a) ^p\(u p -Sp) = P*p(<t>p\(Up-s P ))- 

(b) P jE E{{U P ). 

(c) 7*</>p = 4>p f or an V 1 G Gp. 

Since Sp has codimension at least 2, C§°(Up — Sp) is dense in Hi(Up). It is now 
immediate from the discussion given above that Condition (2) implies Condition 
(1). The converse is a smoothness result which shows that the pull back extends 
smoothly across the singular set. Before establishing this implication, we first recall 
a technical Lemma. 

Lemma 2.3. Let £1 be an open subset o/M m and let A be a closed subset ofQ. Let 
P{x,D) be a vector valued partial differential operator on O. 

(1) Assume that v := to — 2 -order (P) > and that the lower Minkowski content 
M V (K) is finite for every compact set K C A. If ' (f> G L 2 oc (fl) and if P(f> = 
on Vt — A, then P<f> = on Q. 

(2) If P is elliptic, if <f> G L 2 oc (fl), and if Pip is smooth on Q, then <j) is smooth 
on Q. 
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Proof. Assertion (1) follows from Corollary 2.4 (a) of Harvey and Polking [§] who 
generalized earlier work of Liftman [13;. Assertion (2) is a standard elliptic regu- 
larity result, see, for example, Gilkey □ 

Proof of Theorem \2. 6 A Let <f> be an L 2 eigenform of the Friedrichs extension of A 
corresponding to the eigenvalue A; we omit p from the notation. Note that 

Mil ^Mlh + Wid+sMh. 

Let pp : Up — > Up = Up/Gp be a local desingularization. Let d and 5 denote the 
exterior derivative and co-derivative on Up, respectively. We then have p* P d = dp* P 
and p P S = Spp since pp is an isometry off the singular set. We set 

4> P := p* P (j) . 

As the singularity set has codimension at least 2 and as € H±(M), <fip £ H\(Up). 
The equivariance property is immediate since j*p P = pp. To complete the proof, 
we must show that (ftp extends smoothly to all of Up. 

We decompose A — A as the product of two first order operators: 

A - A = (d + 6 + Vx)(d + S - VA) . 

We set _ _ 

tp := (d + S — \ ~X)(j> and ipp := ppip = (d + 6 — V\)4>p . 

We then have that ipp is in L 2 . We may express: 

{d + S + V\)ipp = {d + S + V\)(d + S-V\)4>P = (A- \)4>p 

= p* P (A - \)<j> = on Up-Sp. 

By assumption, Sp is the finite union of finite number of linear subspaces of 
codimension at least 2 intersected with Up. Thus the m — 2 dimensional upper 
Minkowski measure of any compact subset of Sp is finite. Lemma I2.3I (1) shows: 

(d + 5 + V\)i> P = on Up. 

Since d + 5 + VA is elliptic, Lemma \'2. 31 (2) implies Tpp is smooth on Up. 

Since cf>p is in Hx(Up), (d + 5-V\)0p in L 2 (U P ). Since ipp is smooth on 

Up and since this operator is elliptic, another application of Lemma l2.3l (2) yields 
that 4>p is smooth on Up as desired. □ 

Theorem 12.21 shows the pull-back eigenforms of the Friedrichs Laplacian on M 
are ordinary eigenforms of the Laplacian on Up for any P £ M which are invariant 
under the groups Gp. Conversely, if we are given a collection of eigenforms <f>p in 
E^(Up) which are invariant under the action of the groups Gp and which patch 
together, then they define an eigenform of A^ on M. 

3. Submersions in the context of F-manifolds 

We begin by reviewing some of the geometry of a Riemannian submersion in 
the smooth setting. Let it : Z ~ * Y be a Riemannian submersion of closed smooth 
manifolds. For z £ Z, we decompose T Z Z = V z ® H z where 

V, := ker(7r* z ) and H z := 

are the vertical and horizontal spaces, respectively; by assumption 7r* is an isometry 
from H z to T nz Y. We introduce the following notational conventions. Let indices i, 
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j, and k index local orthonormal frames {e{\ and {e 1 } for the vertical distributions 
and co-distributions V and V* of ir. Let indices a, 6, and c index local orthonormal 
frames {f a } and {f a } for the horizontal distributions and co-distributions TL and 
H.* of 7r. If £ is a covector, then let ext(£) and int(£) denote exterior multiplication 
and the dual, interior multiplication, respectively. We define tensors 9 and uj and 
endomorphisms £ and S by setting: 

,„ s := -E i ,afz([e i ,/ a ],e i )/ a , w a M := |5z(ej, [/ a , f b ]), 

£ ■= E«,m ^ ext z (e 4 ) int z (.D int z (/ 6 ), S := int z (0) + f . 

The tensor 9 is the unnormalized mean curvature co-vector of the fibers of tt 
and ui is the curvature of the horizontal distribution. We say that the fibers are 
minimal if 9 = 0. We say that the horizontal distribution Ti is integrable if u> = 0. 

The pull back tt* is a linear map from C°°(A P (Y)) to C°°(Ap(Z)) which com- 
mutes with the exterior derivative, i.e. n*dy = d z ir* . However, n* does not in 
general commute with the coderivative. We refer to [7j for the proof of the following 
result; what is crucial for our present considerations is that the result in question 
is purely local - it does not rely on any compactness considerations. 

Lemma 3.1. Let tt : Z — > Y be a Riemannian submersion of Riemannian mani- 
folds. Then 5z^* — tt*Sy = S-7T* and A^7r* — tt*Ay = (dz^ + Sd^)""*- 

If p = 0, the situation is simpler. If 4> is a 0-form, i.e. a function, then 
E ,m w » w extz(e I )intz(/ a )int z (/ b ) 7 r*$ = 0, 
E a ,M ^ ex Me l ) intz(/ a ) mt z (f b )d Z Tr*<f> = 0, and 
int z (6»)7r*$ = 0. 

The following Corollary is now immediate: 

Corollary 3.2. Let it : Z — > Y be a Riemannian submersion of Riemannian 
manifolds. Then A° z ir* - ir*A Y = mt z (9)d Z 7T* on C°°{Y). 

We say that the horizontal distribution is integrable if u> = 0. We refer to [1] for 
the proof of the following result which relates 9 to the local volume element in this 
setting: 

Lemma 3.3. Let X be the fiber of a Riemannian submersion tt : Z — * Y. Assume 
the horizontal distribution of it is integrable. There exist local coordinates z = (x,y) 
on Z so ir(x, y) = y, 

ds Y = J2 a ,b h ab(y)dy a o dy b , and 

ds% = Y^ij 9ij{x, y)dx l o dx J + J2ab h ab(y)dy a o dy b . 

If we set g x := det(g i:> ) 1/2 , then 9 = -d Y hi(g x )- 

We now extend these notions to the singular setting. Let X be a closed smooth 
manifold. We enlarge slightly the notion of admissible charts and consider an action 

(3.b) 7 • (u, x) = (ju, j(u)x) on Up x X . 

Definition 3.4. Let Y and Z be V -manifolds and let X be a smooth manifold. 
We say that tt : Z — > Y is a V -manifold fiber bundle with fiber X if we can choose 
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charts U y /G y overY and charts {U y xX}/ H y over Z so that we have a commutative 
diagram 

z 

UyXX {UyX X}/H y 

(3.C) I TT O I TT 

Uy ► Uy \= Uy/Gy 

where H y is a subgroup of G y , where tt and tt are projection on the first factors, 
where the action of H y on U y x X is as discussed above in Equation \3.b}) . and 
where the projections py and p y are the associated quotient maps. We say that tt 
is a Riemannian ^-submersion if additionally tt is a Riemannian submersion. 

We remark that the Riemannian metric on U y x X is not in general a product 
metric and that the decomposition in question is only local; in general, of course, 
Z is not Y x X. 

Let tt : Z — > Y be a Riemannian l^-submersion. Let Y r :— Y — Sy and let 
Z r := Z — 7r _1 {Sy}; these are open Riemannian manifolds. Although Y r is the 
regular set of Y, the regular set of Z may be larger than Y r . Let Try be the induced 
Riemannian submersion from Z r to Y r . 

Lemma 3.5. Let tt : Z — > Y be a Riemannian V -submersion of closed V -manifolds 
where the singular sets of Z and Y are codimension at least 2. If tt*<& G EP(Z r ), 
thernr*® e EP(Z). 

Proof. Let y G Y. Let U y /G y and {U y x X}/H y be desingularizing local charts 
on Y and on Z, respectively. By Theorem 12.21 & y := p*$ extends smoothly from 
U y — S y to U y with y = \$ y . Pulling back then yields 7r*$ y is smooth on 

U y x X. Since 

^.x/ 1 ^^ 1 * 011 {Uy-S y }xX 
and since S y x X has co-dimension 2 in U y x X, we have by continuity that: 

As the equivariance property is immediate, Theorem 12 . 21 implies 7r*$ € EP(Z). □ 

We shall need to generalize the /£6er product from the smooth to the singular 
setting. Let 71".; : Zi — > Y - be Riemannian ^-submersions with hbers Xj for i = 1, 2. 
The fiber product is defined by setting: 

Z = Z(Zi, Z 2 ) := {z = (zi,z 2 ) e Zi x Z 2 : 7Ti(zi) = 7r 2 (z 2 )} . 

We now study the local geometry. Choose charts on Y, associated charts on 
Zi, and local projections as given above. We shall assume that the associated 
groups on Zi are the same, i.e. H y i — H y 2 for all y € Y; this is a crucial point. 
The assumption H y i = H y 2 causes no difficulty as we shall be taking Z\ = Z 2 
subsequently. Then local charts for the fiber product and the fiber product action 
which generalize those given in Equation (|3.bp are defined by taking the action: 

7 • (y,xi,x 2 ) = (jy,j(y)xi,j(y)x2) on U y x X\ x X 2 for 7 € H y> i = H y>2 . 

This shows that tt : Z —> Y is a l^-manifold fiber bundle with fiber X\ x X 2 . A 
similar argument can be used to show that tt is a Riemannian ^-submersion, where 
a suitable rescaling of the metric on the horizontal distribution is used, exactly as 
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was done in the non-singular setting Let (71(2:1,22) := 21 and (72(21,22) := 22 
define maps oi : Z — ► Z%. These are Riemannian ^-submersions as well. 

Lemma 3.6. Adopt the notation given above. If $ G £^(F), i/7r*$ € ^a+ £ (^i)j 
and ttJ* G ^ +E2 (Z 2 ) } tfien vr*<& G ^ +£i+£2 (Z). 

Proof. Off the singular locus, we use the computations given in [S] to see 

9 Z = o-*0z x + °~2 ®z 2 and S z 7r* = o-\E z ^ it\ + o- 2 E z% k\ ■ 
A straight forward application of Lemma 13.11 then shows 

A^7r*$ = (A + £1 + e 2 )7r*$ on Z r . 
The desired conclusion now follows from Lemma 13.51 □ 

4. The Hopf fibration 

There is a useful family of examples which we can describe as follows. We give 
the unit sphere S n in R n+1 the standard metric g n of constant sectional curvature 
+1. We identify M 4 = C 2 to regard S 3 C C 2 and we identify K 3 = C ® K to regard 
S 2 CC®1. The Hopf fibration h : S 3 -> S 2 is then defined by setting 

%i,2 2 ):= (22i2 2 ,|2i| 2 -|2 2 | 2 ). 

One then has that h : (S 3 ,gs) — > (S* 2 , j# 2 ) is a Riemannian submersion; (S 2 , ig 2 ) 
is, of course, just the sphere of radius | in M 3 . 

Example 4.1. Let Z„ be the group of n th roots of unity in C. We define actions 
P2 and P3 of Z n on 5 2 and on S 3 , respectively, by setting 

p 2 ('j)(w,t) := (-yw,t) and p 3 ('y)(zi, z 2 ) = (jzi, z 2 ) for 7 G Z„ . 

Since the actions in question are by isometries, this gives the quotient spaces 

M*:=S 2 /p 2 (Z n ) and M 3 :— S 3 / p 3 (Z n ) 

the structure of Riemannian V-manifolds. Furthermore, as the group actions are 
compatible with the Hopf fibration, we have a commutative diagram 

S 3 M 3 

(4.a) ih o [h 

S 2 ^ Ml 

where the induced Hopf map h is a Riemannian T^-submersion. 

Let N = (0, 1) and S = (0, -1) be the north and south poles of S 2 C C K. 
Then h^ 1 (N) is the circle (21,0) while h~ 1 (S) is the circle (0,22). The action of 
Z„ on h^ 1 (N) is without fixed points; thus the image of this circle in M 3 is non- 
singular; the singular set of M 3 is /i -1 ^). Thus this example illustrates that the 
singular set of the total space is not simply the inverse image of the singular set of 
the base. Note that the singular sets of M 3 and of M 2 have codimension 2. 

Let v 2 be the volume form on (S 2 , \g 2 )- Since j> 2 is invariant under the action of 
Z n , it descends, by Theorem 12.21 to define a harmonic 2-form V2 G Eq(M 2 ). One 
computes that h*v 2 G El(S 3 ), see for details. Thus similarly h*v 2 € Ej(M 3 ). 
This illustrates Theorem ll.3l bv providing an example where the eigenvalue changes. 
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Example 4.2. Let (p,q) be coprime integers and let n = pq. Choose integers a 
and b so that ap — bq = 1. We define actions p 2 and pz of Z„ on S 3 and on 5 2 , 
respectively, by setting, 

P2, P ,qh){w,t) := {yw,t) and p 3:P , q (j)(zi, z 2 ) ■= {^ ap z 1 ^ hq z 2 ) for 7 £ Z„ . 

Since the actions in question are compatible with the Hopf map, we once again have 
a commutative diagram of the form given above in Display Ij4.a|) . The action of 
Z„ on the fiber circles h^ 1 {N) = (zi,0) and h^ 1 {S) — (0,2:2) in S 3 is not faithful. 
The isotropy group for these fiber circles is Z g and Z p , respectively. This example 
illustrates that the structure groups can be different over different components of 
the singular set. 

Example 4.3. Let N be an arbitrary closed Ricmannian manifold. We extend the 
actions of Z„ defined in Examplc l4.2l to act trivially on N to define a commutative 
diagram 

S 3 xN ^ d M 3 xN 
(4.b) [hxld o J. h x Id 

S 2 xN ^ d M 2 xN. 

By replacing v 2 by v 2 A p p ~ 2 for a suitably chosen eigen-form p p - 2 on N, and 
by rescaling the metrics appropriately, a family of examples can be constructed 
illustrating Theorem 1.3 in full generality. We omit details in the interests of 
brevity and refer to 017] for further details. 

Example 4.4. One can also consider the higher dimensional Hopf fibration 
h : S 2n+1 — ► CP™ where the sphere S 2n+1 is given the standard metric and where 
complex projective space CP™ is given a suitably scaled Fubini-Study metric. Let 
p 2 6 E 2 (CP ra ) be the Kaehler form; this restricts to a multiple of the volume form 
on S 2 = CP 1 . If 1 < p < n, then: 

^e£ 2p (CP") and h*p%eEl; {n+1 _ p) (S 2n+1 ). 

We refer to Remark 3.6 |3] for further details. Again, suitable cyclic group actions 
yield appropriate V^-manifold examples. 

5. Proof of theorems 

Proof of Theorem \l.%\ (1). Let 7r : Z — > Y be a Riemannian 1^-submersion where 
Z and Y are closed T^-manifolds. We assume the singular sets of both Y and Z 
have codimension at least 2. Let 7^ <f> G E^(Y). Assume that * : = tt*$ G E°(Z). 
Let p y : U y — > Uy be an V- manifold chart on Y. We apply Theorem 12.21 to see 
$ y := p*& is smooth on JJ y . Since <J> y is invariant under the action of the group 
G y , $ is continuous on the quotient U y = U y /G y . Since <& is continuous on a 
compact space Y, we may choose yo G Y so $(2/0) is maximal. By replacing $ by 
— $ if necessary, we may assume without loss of generality that 3>(yo) > 0. 
Let Z yo := U yo x X and let $ yo := /0* $. By Theorem l2~2l 

i^S(^) and r^e^t^). 
We apply Corollary 13. 21 to the Riemannian submersion tt : Z yo — > U yo to see: 
(5.a) (p - A)fr*$j /0 = {A|tt* - tt* A^}$ yo = int(0)c?^^*$ M = int(6 i )^*d^l> ao . 
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Choose So so ttzq = yo- Since $j, has a maximum at yo, (Tt*d Y ^ yo )(zo) = 0. Since 
(7r*$j, )(zo) > 0, evaluating Equation (|5.a(l at zq implies \x = A. □ 

Proof of Theorem \1.2\ (2). Let ir : Z — ► Y be a Riemannian ^-submersion where 
Z and y are closed y-manifolds. We assume the singular sets of both Y and Z 
have codimension at least 2. Let p > 0, and let ^ <f> € E^(Y). Assume that 
7r*<I> e EP(Z). We wish to show A < /i. 

We generalize the argument given in [Hj. Let i?o := Z and let := Z(Zo,Zq) 
be the fiber product. Let := ji — A. Then by Lemma 13.61 

We now inductively set Z„ := Z(Z n _\, Z n _\) and apply the same argument to see 

n* n $ e E{ +2neo (Z n ) . 

Since is a non-negative operator by Theorem l2.ll we have A + 2 n eo > for all 
n. This implies Eq>Q and hence /1 > A. □ 

Proof of Theorem \l.l\ We extend the arguments given in |7|. Let ir : Z — > y be a 
Riemannian y-submersion where Z and y are closed y-manifolds. We assume the 
singular sets of both Y and Z have codimension at least 2. 

We first show that Assertion (Id) implies Assertion (la) and that Assertion (2d) 
implies Assertion (2a). Assume off the singular set that the fibers of tt are minimal 
and, if p > 0, that the horizontal distribution is integrable. Let ^ $ £ E^(Y). 
Then Lemma f3. II and Corollary 13.21 imply that 

A p z n*<S> = \tt*<P on Z r . 

Thus by Lemma E3 tt*$ e E\{Z). This shows that 

7r*^(y) C E%(Z) 

for all A; the intertwining relations of Assertions (la) and (2a) now follow as the 
span of the eigenspaces is dense in the appropriate topology. 

It is immediate that Assertion (la) implies Assertion (lb) and that Assertion 
(2a) implies Assertion (2b). Similarly Assertion (lb) implies Assertion (lc) and 
Assertion (2b) implies Assertion (2c). We complete the proof by showing that 
Assertion (lc) implies Assertion (Id) and that Assertion (2c) implies Assertion 
(2d). 

Suppose that n*E{(Y) C %r X )( Z ) for a11 A - Lct $ a e E \( Y )- % Lemma 10 
(5.b) ((*-X)Tr*$ x = {d z (mt z (0)+E) + (int z (6)+£)d z }TT*$x on Z r . 

Suppose first that p = 0. By Theorem 11.21 (1), we have //(A) = A. We use 
Corollary 13. 21 to rewrite Equation (|5.b|l in the form: 

mt z (9)ir*d Y <I>\ = on Z r . 

Let $ be any smooth function which is compactly supported near a regular point 
y of y. We can approximate $ in the Sobolev-iJi topology as a finite sum of 
eigenf unctions. Thus 

mt z (0)ir*d Y <£ = 0. 

Since 9 is a horizontal co- vector and since <&(?/) is arbitrary, this implies 9 = at any 
point z £ ■n~ 1 {y). Thus 9 vanishes on Z r ] passing to a local desingularization, we 
conclude 9 vanishes everywhere by continuity. This completes the proof of Theorem 

O(i). 
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We now suppose that p > 0. Let irn be orthogonal projection from A p (Z r ) to 
A p {H). Let $ A G ^(V)- We a PP!y (1 - tt w ) to Equation to see: 

= (/x- A)7r W 7T*$ A 

= (l-7r w ){d z (int z (0)+£) + (int z (0)+£)d z }7r*$ A on Z r . 

The natural domain of this identity is the Sobolev space H\(Y r ) and, as the eigen- 
functions are dense in Hi(Y r ), by continuity we then have 

(5.c) = (l-TT H ){d z (mt z (8)+£) + (mt z (8)+£)d z }TT*<S> for $ei?i(Y r ). 

Let 7tz = Vo G ^r- Choose F G Co°(^r) so that F(y ) = 0. Let $ := dF(y ). Since 
int z (0) + £ is a th order operator, we apply Equation 1)5. cfl to the product and 
evaluate at zq to see 

= (1 - 7r w ){cxt z (^*e)(intz(0) + £ ) + (intz(0) + 5) extz(^*OK*(yo) . 

Since 

= (1 - 7T W ){extz(7r*0 int z (e») + intz(0) extz(7r*£)}7r*, 
and since £ always introduces a vertical covector, we conclude 

= (1 - 7r„){ext z (7r*£)£ + 5 extz^OK 
[ ' J ={cartz(7r*0f + feoctz(7r*OK- 

Let {/°, e 1 } be the orthonormal frames of the dual distributions TL* and V*. Adopt 
the notation of Equation (|3.a(l . To simplify the notation, set 

e, ; := cxt z (e i ), e a := ext z (/ a ), and \ a := int z (f a ) . 

We then have the Clifford commutation relations: 

e a i& + W a = Sab ■ 

Choose F so that 7r*£(zo) = f c {zo) and apply Equation l|5.d|l to compute at zq 
that: 

= J2a.b,i UabiUctiiaib + ^aWc} = J2a,b,i U a,bi U { ~ ^Mb + iak^c} 
= J2a.b,i ^abiUi^ck + iaifce c - <5 aC ib} 

= J2a.b,i UabiUi-i-ai-btc + taMc ~ ^ac% + SbJa} = ~2 J^b,i ^cbiU^b- 

As p > 1, we may conclude that lj = on Z r and consequently Ti is integrable. 

We must now show the fibers are minimal. Let dx denote exterior differentiation 
along the fiber. We set £ = and use Equation l|5.cll to compute 

= (1 - Tr n ){d z int z (8) + int z (8)d z }n* 

= (l-ir n )d x mt z (8)Tr* on C^°(A p (Y r )) . 

This implies 8 is constant on the fibers so 8 = tt*Q is the pull back of a globally 
defined 1-form away from the singular set on the base. 

We apply Lemma EOl Let dv x be the Euclidean measure and let 

^(v) '■= $ x 9x{x,y)dv e x 
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be the volume of the fiber ir 1 (y) for y £ Y r . Then 

dyipiy) = d Y j x gx(x,y)dv% = j x {g x g x 1 d Y gx)(x. l y)dv e x 
= - I x 9x(x,y)9(x,y)d^ = -@(y) J x gx{x,y)dv% 

= -®{v)i>{y) so 

8 = —ir*dY lni/' on Y r . 

If y is a singular point, we let U y be the desingularization of Y and U y x X 
be the desingularization of Z. Since £ = on (U y — S y ) x X, we have £ = on 
U y x X by continuity since the singular set has codimcnsion at least 2. Thus we 
can apply exactly the same argument given above to see tp '■— Py^P extends to a 
smooth function ip v on all of U y . 

We define a conformal variation of the metric on the vertical distribution which 
leaves the metric on the horizontal distribution unchanged by setting 

g(t)z = i> 2t dsv + ds^ on Z r . 

The argument given above shows this variation extends to the desingularization to 
define a smooth 1 parameter of Riemannian ^-submersions. 

We have that it : Z[t) — > Y is a Riemannian submersion with integrable hori- 
zontal distribution. We use Lemma [3.31 to see 8(t) = (1 + t&mi(X))Q away from 
the singular set and thus 

A| 7T* - 7r* Ay = (1 +tdim(X))(d z mt z (8) + mt z (0)d z )n* 
= (l + tdim(Z))(A|7r* -tt*A^). 

Let $ £ E P X {Y) and let tt*$ £ EP(Z). Set e = n - A. Then 

A|tt*$ = {A+ (1 + idim(X))e}7r*$ on Z r . 

Consequently, by Lemma 13.51 

7r*^(y)c^ +(1+tdimW)£(A) (z(i)). 

By Lemma lO A + (1 + 1 dim(X))e(A) > 0. Since t is arbitrary, e(A) = 0. Thus 

(5.e) {dzint z {d)+mt z {Q)dz)ir* = on E P X {Y) . 

Since these eigenspaces are dense in the Sobolev space H\ , Equation l|5.e|l continues 
to be valid on H\. Let yo £ Y r . Let / £ TL*{z ) where n(z ) = y . Choose 
$ £ C^{U y ) so that 

$(y ) = and ir*d${y ) = f . 

Let * £ C™(Y r ) with ^(y ) arbitrary. We apply Equation (f3~ef> to the product 
and evaluate at yo to see: 

(ext z (/) hxt z (9) + mt z (8) e>rtz(/)K {^(y )} = . 

Since 

ext z (/) int z (0) + int z (0) cxt z (J) = <7z(/, 0), 

g Z (f,8)(zo) = 0. Since is horizontal and since / was an arbitrary horizontal cov- 
ector, we conclude 8 vanishes away from singular set; passing to a local desingular- 
ization, we complete the proof by checking that 8 = everywhere by continuity. □ 
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